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Abstract. It is known that all complete intersection Artinian stan- 
dard graded algebras of codimension 3 have the Weak Lefschetz Prop- 
erty. Unfortunately, this property does not continue to be true when you 
increase the number of minimal generators for the ideal defining the al- 
gebra. For instance, it is not more valid for almost complete intersection 
Artinian standard graded algebras of codimension 3. On the other hand, 
the Hilbert functions of all Weak Lefschetz Artinian graded algebras are 
unimodal and with the positive part of their first difference forming an 
O-sequence (i.e. are Weak Lefschetz sequences). In this paper we show 
that all the Hilbert functions of the almost complete intersection Ar- 
tinian standard graded algebras of codimension 3 are Weak Lefschetz 
sequences. 



Introduction 

In the last few years the Weak Lefschetz Property for Artinian standard 
graded algebra has been investigated very deeply. It is trivial to see that 
all Artinian standard graded algebra of codimension 2 have the Weak Lef- 
schetz Property, but already in codimension 3 many questions are still open. 
One of the most import result on this direction is the proof of the Weak Lef- 
schetz Property for all Artinian complete intersections of codimension 3, due 
to T. Harima, J.C. Migliore, U. Nagel, J. Watanabe, in [HMNWj . Other 
results on Weak Lefschetz algebras and the corresponding Hilbert functions 
can be found, for instance, in [Mij . ^MZj. Nevertheless, again in codimension 
3, it is enough to consider almost complete intersection ideals, i.e. perfect 
ideals of height 3 and minimally generated by 4 elements, to produce exam- 
ples of Artinian standard graded algebras not enjoying the Weak Lefschetz 
Property (see |BKj ). On the other hand there exists a characterization of 
the sequences which occur as Hilbert functions of Weak Lefschetz algebras. 
These sequences are exactly those which are unimodal and such that the 
positive part of their first differences is an O-sequence (these will be named 
Weak Lefschetz sequences) . The aim of this paper is to show that the Hilbert 
functions of all almost complete intersection Artinian standard graded alge- 
bras of codimension 3 are Weak Lefschetz sequences, see Thorem 12.81 

The paper is structured in this way. Section 1 contains notation, termi- 
nology and basic facts about almost complete intersections and their rela- 
tionships with Gorenstein ideals and regular sequences which are contained 
in them. The main result is placed in section 2, which contains also all the 
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preparatory material in order to prove it. All this is done using a claim 
whose technical proof is demanded to section 3. 

1. Notation and preliminaries 

Let k be an algebraically closed field and let R := k[xi,X2,X3]. We con- 
sider on R the standard grading and we consider in it just homogeneous 
ideals, which we call simply ideals. 

An ideal Iq C R is said to be an almost complete intersection ideal of 
codimension 3 if Iq is minimally generated by 4 forms and R/Iq is an 
Artinian /c-algebra. 

Every almost complete intersection ideal Iq of codimension 3 is directly 
linked in a complete intersection to a Gorenstein ideal Iq C R. Indeed, if 
Iz ^ Iq is generated by 3 minimal generators of Ig, which form a regular 
sequence, then Iq ■= Iz '■ Iq is a Gorenstein ideal. By liaison theory (see 
|PSj for a complete discussion on this argument) we have also Iq = Iz '■ Ig- 

Let ei < 62 < 63 < 64 be positive integers. We define 

Aci(6i,62,63,64) : = 

{Iq I /q C i? is an almost complete intersection homogeneous ideal 
of codimension 3, minimally generated in degrees 61,62,63,64}. 
Let di < . . . < d2m+i ijm > 1) be positive integers. We define 

Gor(di, . . .,d2m+i) ■■= 

{Ig \ Ig R is a Gorenstein homogeneous ideal 
of codimension 3, minimally generated in degrees di, . . . , d2m+i}- 

Of course, if Iz G Gor(ai, 02, 03) then Iz is a complete intersection ideal. 

Let A\Y := R/Iw be an Artinian standard fc-algebra. Throughout the 
paper we will denote by Ha^ more simply, by Hw its Hilbert function. 
Moreover we set 

:= max{i G Z \ Hw{i) > 0} + 3 

and 

\w ■■= max{i € Z | AHwii) > 0}. 
If Ag := R/Ig is a Gorenstein Artinian standard /c- algebra whose Hilbert 
function is Hq, then 

Hcii) = Hci^G — 3 — z), for every i G Z, 

and consequently 

AFg(0 = -AHci'dG - 2 - i), for every i G Z. 

In the next remark we collect some simple facts about i?g ai^d \g when Iq 
is a Gorenstein Artinian ideal. 

Remark 1.1. Let Iq C k[xi,X2,X3] be a Gorenstein Artinian ideal. Then 

1) AHcii) > ^ < « < Ag; 

2) AHaii) < ^ ^g - 2 - Xg < i < ^g - 2; 

3) ^G > 2Xg + 3; 

4) if i?G > 2Ag + 4 then AHcii) = for Ag + 1 < i < t?G - 3 - Ag; 
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5) lilz G Gor(ai, 02, as) then 



if a2 < as < oi + a2 
ai + a2 — 2 if as > ai + a2 — 1 



in particular < ai + a2 — 2; 
6) if Iz £ Gor(ai, a2, as) then 

{1 if a2 < as < ai + a2 — 2 and 'dz is odd 
2 if a2 < as < ai + a2 — 2 and dz is even . 
1 if as > ai + a2 - 1 

It is well known that Gor((ii, . . . , d2m+i) ^ iff the following Gaeta con- 
ditions hold (see |Ga) for the general result and [Di] for the Gorenstein 
version) 

1) "d := Yld=o^ di/m is an integer; 

2) 'd > di + d2m+3-i for 2 < i < m + 1. 

If Ig G Gor((ii, . . . , d2m+i) then 'dc = J2'i.=o~^ di/m and Iq admits a graded 
minimal free resolution of the following type 

2m+l 2m+l 

(for more on this see the beautiful structure theorem of 3-codimensional 



Gorenstein ideals due to D. Buchsbaum and D. Eisenbud in [BEj ). 

Let 6 = {di, . . . ,d2m+i), such that Gor5 ^ and let Iq S Gor(5; we set 

Bs ■■= {3 < i < m + 1 \ i)g < di + d2m+4-i}, 
Cs■.= {4:<i<m + 2\l)G<d^ + d2m+5--i} 

and 

r (rfi,d2,ds) if Bs = Cs = 9 

mci(5 = < {di,d2,dniaxCs) if Bs = $ and (7^/0 

max Bs ) '^2m+4-min ) if 5,5 7^ 

Let a = (ai,a2,as), ai < a2 < as and 6 = {di, . . . ,d2m+i), di < . . . < 
d2m+i, Gor 5 7^ 0; we set 

Regor(Q,5) = {{IzJg) S Gora x GorJ | Iz C Iq}. 

By |RZ2| . Theorem 3.6, we have that 

Regor(a,(5) 7^ <^=^ a > mciJ. 

Let (/? : Z ^ Z be a function. We set 

+ |y| + f 
^ 2 

Now, let us suppose that ip{i) = for every i E Z^; we remind that f is 
called unimodal if there exists u S Z"*" such that 

ip{i) < ip{i + l) for < i < li - 1 
'/^(O — '/'(^ + f ) fo'^ i > u . 
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Proposition 1.2. Let 5 = (di, . . . ,d2m+i), with di < . . . < d2m+i (m >2) 
positive integers, such that Got 6 / 0. Let i? = X^j^o^ di/m. Let us suppose 
that there exist h and k, h < k, such that dh + dk = 'd- Let 

6 := {di, . . . , dh-i,dh+i, . . . , dk-i,dk+i, ■ ■ ■ , (i2m+i) 

Then 

1) Gor?y^ 0; 

2) mciS > md6. 

Proof. 1) 6 satisfies Gaeta conditions too. 
2) This is true by Theorem 3.9 in [RZ2]. 

□ 

Definition 1.3. Let H be the Hilbert function of an Artinian standard 
graded A;-algebra. We will say that H is a Weak Lefschetz sequence if it is 
unimodal and (AH)'^ is an 0-sequence. 

For instance if Hq is the Hilbert function of a Gorenstein Artinian stan- 
dard graded fc-algebra R/Lg then Hq is a Weak Lefschetz sequence. 

In [ HMNWj ■ Proposition 3.5, was shown that H is the Hilbert function of 
an Artinian standard graded /c-algebra having the Weak Lefschetz property 
iff i7 is a Weak Lefschetz sequence. 

In |BKj . Example 3.1, was proved that there exist almost complete in- 
tersection algebras of codimension 3 which have not the Weak Lefschetz 
property, for instance one of this is R/{xi,X2,x^,xiX2X3). 

However, in this paper we will prove that all Hilbert functions, which 
occur for almost complete intersection algebras of codimension 3, are Weak 
Lefschetz sequences. 

2. Main result 

The goal of this section is to show that the Hilbert functions of the al- 
most complete intersection Artinian quotients of = k[xi,X2,X3] are Weak 
Lefschetz sequences, i.e. they are unimodal and the positive part of their 
first differences is an 0-sequence. 

Let H = Hq be the Hilbert function of R/Lq where Lq is an almost 
complete intersection ideal of codimension 3. Then Lq = Lz '■ Lq for suitable 
ideals Lz C Lq where Lz is a complete intersection ideal of codimension 3 
and Lg is a Gorenstein ideal of codimension 3. Now, by liaison, we have, for 
every i, 

Hqii) = Hzi'dz - 3 - i) - Hci'dz - 3 - i) 

which implies 

(1) Ai?Q(i) = AHci^z -2-i)- AHzi^z - 2 - i). 

We start by proving the following general lemma. 

Lemma 2.1. Let R = k[xQ, . . . , x„] be a polynomial ring. Let Lz Q Lx C R 
be ideals and let Az = R/Lz and Ax = R/Lx be a standard k-algebra. Let 
I G Ri and let n € Z+ such that the multiplication 

I ■ Az,n-i Az,n 
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is injective. Then 

Proof. We set Jz = Iz + [l], Jx = Ix + [l], Bz = R/Jz and Bx = R/Ix- 
We have the exact sequence of fc-vector spaces 

Az,n~l Az^n Bz,n ^ 0, 

so Hs^in) = AHA^in). Since Jz Jx, we have a surjection 

Bz^Bx^ 0, 

that imphes Hs^in) > Hsxi''^)- Now, let K be the kernel of the map 

l:Ax^ Ax. 

By the exact sequence 

Kn-l Ax,n-1 Ax,n ^ Bx,n ^ 0, 

we get 

HB^in) = AH A An) +HKin-l), 

therefore 

AHA^{n) = HB^{n) > HB^in) = AH a An) + i?i^(n - 1) > AHaA^)- 

□ 

From this lemma we get 
Proposition 2.2. Let Ix C R = A;[xi, X2, ^3] be an Artinian ideal. Let 

/i, /2, /s G Ix 

forms such that (/i, /2, /s) is a regular succession. Let Iz = (/i, f2, fs)- We 
set Az = R/Iz o-nd Ax = R/Ix- Then 

AHA,{n) > AHaA^) for < n < 7?z - 3 - Az- 

Proof. Since Az is a weak Lefschetz Artinian algebra by [HMNWj, there 
exists a linear form / € Ri such that the map 

I ■ Az^n-\ Az.n 

is injective for < re < '(9^ — 3 — A^. So we can apply the previous lemma. □ 

At this point we set the following notation. 

Notation 2.3. Let Iq d R = A;[a;i, X2, X3] be a Gorenstein Artinian ideal. 
Let Iz C Ig be an Artinian complete intersection ideal [Jz 7^ ^g)- Then 
da < '&Z, so AHzi'dz - 2) = -1< AHci'&z - 2) = 0. We set 

tG\z ■■= min{re G Z+ | AHcin) > AHz{n)}. 

Proposition 2.4. Let Ig C R = k[xi,X2,x^] be a Gorenstein Artinian 
ideal. Let Iz Q Ig be an Artinian complete intersection ideal. Then 

^z-^G>Xz- Ag. 
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Proof. If \z = Ag then 'dz — '&G > = — A^; so we can suppose \z > Ag- 
We know that i)g > 2Ag + 3. 

If T?G = 2Ag + 3, then - > ^Xz + S - 2Xg - 3 = 2{Xz - Ag). 

If T?G = 2Ag + 4, then 

^z-^G>2Xz + 3-2XG-i = 2{Xz -Xg)-1>Xz- Ag- 

If i^G ^ 2Ag + 5, by Remark II item 4, we have that AHcin) = in at 
least two integers between Ag + 1 and ??g — 3 — Ag; let Iz € Gor(ai, 02, 03). 
Then, using Corollary 3.4 in |RZlj . one sees that depth(lG) <-{fQ-3-XQ = 2, 
therefore as > -i^G — 2 — Ag so, by Remark ll.H item 5, 

•^z - '&G = (ii + a2 + as - 'dc > ai + a2 - 2 - Xg > Xz - Ag- 

□ 

Proposition 2.5. Let Ig £ Gor5, S = {di, . . . ,d2m+i)- Let {di,d/^,d^) = 
m.d6, di < di^ < d^. Let us suppose that 

Bs = {3<i<m + l\'&G<di + d2m+A-i} + 0- 

Then 

1) ^G < dp + dy, 

2) if di, . . . , d2m+i are the minimal generators degrees allowed by the 
Hilhert function ofR/Lc, then 

'dc < di3 + d^. 

Proof. 1) If Bg 7^ then /3 = max Bs and 7 = 2m + 4 — mini?^; so 
2m + 4- 7</3<2m + 4- /3<7; 
consequently we have 

C?2m+4-7 ^ dp < d2m+4-l3 ^ d^- 

Since (3 € Bs we have 

i9g < d/3 + d2m+4-/3 < dfs + d^. 

2) If di, . . . , d2m+i are the minimal generators degrees allowed by the 
Hilbert function of R/Lq, then 7^ dh + dk for every h ^ k. Since 
/3 < 7 we are done. 

□ 

Proposition 2.6. Zei /g € Aci(ei, 62, 63, 64). T/ien i/iere exists an ideal 
Iqi G Aci(ei, 62, 63, 64), with Hqi = Hq, such that Iqi = Lz : Lg where 
Iz G Gor(e2, 63, 64), Ig € Gor(5, for some 6 with Bg = 0, C Ig and 
'&Z -^G = ei. 

Proof. Iq contains a regular sequence of minimal generators of degrees 
62)63,64. Let Izq be the Artinian complete intersection ideal generated by 
this regular sequence and let Igq = Izo '■ Iq ■ Then Igq € Gor 6, for some 6, 
and -dzo - "^Go = ei < 62 i.e. 62 + 63 + 64 - i^Gq < ^2, therefore i^Go > ^3 + 64. 
If Bg 7^ 0, mci(5 = {di,dfs,d^), di < dp < d^, then -i^Gq > 63 + 64 > d/j + 
so by Proposition 12.51 we get i9go = + d^. So Jgq has not the minimal 
generators allowed by the Hilbert function of R/Igq. Now let Ig € Gor 6 be 
another Artinian Gorenstein ideal having the minimal generators allowed 
by the Hilbert function of R/Igq. By Proposition 11.2^ item 2, there exists 
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Iz G Gor(e2, 63, 64) such that Iz C Iq- Then, by item 2) of Proposition 
[231 = 0, Iq' = Iz ■ Ig ^ Aci(ei, 62, 63, 64) and Hq' = Hq. Since 
Iz G Gor(e2, 63, 64) we will have ei = i^z — i^G- ^ 

Note that, according to Proposition 12.21 and with the same notation, we 
have immediately: i^z > ~ 3 — A^. Now, since 'dz — > "^G — Ag (by 
Proposition 12. 4p . we see also that tQ^z > "i^c — 3 — Ag- 

Remark 2.7. Using Proposition 11.21 and Proposition 12. 6t in order to produce 
all the possible Hilbert functions of almost complete intersection Artinian 
standard graded fc-algebras R/Iq, we can limit us to consider ideals Iq = 
Iz ■ Ig with {Iz,Ig) S Regor(a,(5), a = (01,02,03), such that = 0, Ig 
is generated by the minimal generators allowed by the Hilbert function of 
R/Igi and ^z — '&G < <^i- 

Now we are ready to prove our main result. 

Take {Iz,Ig) G Regor(a, 5) with a = (oi, 02, 03)) and 5 = {di,. . . , d2m+i) 
and Ig enjoying the properties stated in Remark 12.71 

CLAIM: tG\z >^G-d2-l. 

The proof of the claim is postponed to the next section. 

Theorem 2.8. Let H be a Hilbert function of an almost complete inter- 
section Artinian standard graded k-algebra of codimension 3. Then H is a 
Weak Lefschetz sequence. 

Proof. Let R/Iq be a quotient of i? = k[xi,X2,X3] with Iq an almost com- 
plete intersection ideal of codimension 3, such that Hq = H. Then Iq = Iz '■ 
Ig with {Iz, Ig) ^ Regor(a, 5) with a = (oi, 02, 03), 5 = (di, . . . , d2m+i) and 
such that i?5 = 0, Ig is generated by the minimal generators allowed by the 
Hilbert function of R/Ig, and "dz — '&G oi (see Remark l2.7p . 

Thus, in order to show that Hq is unimodal we need to find an integer 
u such that HQ{i — 1) < HQ{i) for < i < u and HQ{i — 1) > HQ{i) for 
i > u, or, equivalently, AHQ{i) > for < i < -u and AHQ{i) < for i > u, 
hence, by the equality AHgU) > AHz{j) for t9z - 2 - u < j < i^z - 2 
and AHgU) < AHz{j) for < j < - 2 - n. 

Define u := i?^ — 2 — tG\z'-, for every Q <i < tG\Zi by definition of tG\z-, we 
have AHG{i) < AHz{i), i.e. AHG{i) < AHz{i) fox Q <i < 'dz-2-u. Now, 
we want to show that for every i, i?^ — 2 — u<i< i^z — 2 we have AHG{i) > 
AHz{i). If not, let j = min{i | dz-2-u < i < t?z-2, AHG{i) < AHz{i)}, 
then AHgU - 1) > AHz{j - 1)}. Now, since j > dz - 2- u = tG\z, by the 
previous claim, j > '&g — d2 — 1, thus A'^Hg{3) > 0. If j < i?^ — ai — 1 then 
^"^Hzij) < 0. Prom this, we get 

AHgU) = AHgU - 1) + A^HgU) > AHzij - 1) + A^Hz{j) = AHz{j) 

a contradiction, lidz - ai-l < j <{}g-2 then A^HgU) = A^HzU) = 1, 
so again 

AHgU) = AHgU - 1) + 1 > AHzU - 1) + 1 = AHzU). 

Finally, if i?g - 2 < j < t?z - 2, trivially = AHgU) > ^HzU)- In this 
way we can conclude that H is unimodal. 
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In order to conclude the proof we need to show that the sequence {AH)~^ 
is an O-sequence. In our situation, using Proposition 12.61 it will be enough 
to show that, for i > 'dz — {AH)^{i — 1) > {AH)^(i). This is equivalent 
to prove that, for tc\z + 1 < j < i^G - 1, A?Hg{3) > A^Hz{j). Since 
A'^Hq^j) = 1 for j > "do — 1 — di the inequality trivially holds in this 
range. Now, take + 1 ^ i < — ^ — di. Since i^g < di + 02 + 03, as 
mci((ii, . . . ,d2m+i) < (di, 02,03), we have that j < — oi — 1, therefore 
A^HgU) = and A^Hz{j) < so we get again the required inequality. □ 



3. Proof of the claim 

Let Iz C Ig be ideals such that Iz € Gora, a = (01,02,03), Iq S GorJ, 

5 = {di, . . . , d2m+i) and Iq satisfying the conditions of Remark 12.71 
In this section we will prove the claim stated in the Section 2, i.e. 

tG\z > ^G - d2 - I, 

which means to prove that 

AHcii) < AHzii), for < i < i?G - ^2 - 1. 
At first we prove the claim when Iq is a complete intersection ideal. 

Proposition 3.1. Let {Iz,Ig) ^ Regor(a,(5), with a = (01,02,03) and 

6 = {di,d2,d3). Then 

AHcii) < AHzii), for < i < i9g - d2 - 1. 

Proof. By hypotheses dj < Oj, for 1 < i < 3. 
li d^ < di + d2 — 1 then 



AHcii) 



i + 1 
di 

-i + di + d2 - 1 
-2i + di + d2 + ds-' 
-i + ds-l 
-di 

i - di - d2 - ds + l 




di + d2 — 1 < d^ then 



AHcii) 



1 



i + 1 

di 

-i + di + d2 


-i + ds-l 
-di 

■ di- d2- d^ + l 




for < i < di - 1 

for di — l<i<d2 — 1 

for d2 — 1 <i < d'i — 1 

for ^3 — 1 < i < di + (i2 — 1 

for di + (i2 — 1 < « < di + ^3 — 1 

for di + (^3 — 1 < i < ^2 + — 1 

ioi d2 + d-i - I <i < di + d2 + d^ 

ioT i > di + d2 + d^ — 1 



for < i < (ii - 1 

for di — 1 < i < ^2 — 1 

for d2 — 1 < i < di + d2 — 1 

for (ii + (i2 — 1 < i < (^3 — 1 

for d^ — 1 < i < di + d-i — \ 

for di + d^ — 1 < i < d2 + d'i — 1 

ioY d2 + d^ - I <i < di + d2 + d-i 

for i> di + d2 + d^ — 1 



and analogously for AHz- Therefore the assertion follows after straightfor- 
ward computations. □ 
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Lemma 3.2. Let {Iz,Ig) €E Regor(a, 5), with a = (01,02,03) and 6 = 
{di, . . . ,d2m+i), m > 2, Bs = ^. Let oq = min^ and let Lzq C /g, Izq G 
Gorao- Let us suppose that 

AHcii) < AHzoii), for < i < - d2 - I. 

Then 

AHcii) < AHz{i), /or < i < i?G - ^2 - 1- 

Proof. Bs = $ implies that ao = {di,d2,d-y), for some 7 > 3. Since a > uq, 
Regor(a, ao) / 0- Let {L\y,Lwg) € Regor(a, ao)- By Proposition 13 . 1 1 we have 

AHwoii) < AHw{i), for0<i<'&wo-d2-l 

i.e. 

AHzoii) < AHz(i), for < i < ^z, - da - 1. 
But "do — d2 — I < i^Zo — d2 — 1, so we have 

AHcii) < AHz{i), for < i < i9g - ^2 - 1- 

□ 

Proposition 3.3. Let Lz C Iq be ideals such that Iz G Gora, a = 
(01,02,03), Ig G Gov 6, 6 = [di , . . . , d2m+i) , > 2, satisfying the con- 
ditions of Remark\2^ and Cs = 0. Then AHcii) < AHz{i), for < i < 



^c-d2- 1. 

Proof. Since Bs = Cs = 0, mci 6 = (^1,^2,^3)- By Lemma [3T2l it is enough to 
prove the inequality for a = (di, ^2, c^s)- Because of that AHc{i) = AHz{i) 
for < i < d3 - 1. Now, observe that, since Bs = Cs = 0, A'^Hdi) < -2 
for (^3 < i < -(Jg — (i3 — 1 (see Proposition 3.11 in |RZ2j ). Reminding that 
A^Hz{i) > —2 for all i, we get immediately that the inequality holds for 
< i < ??G - ds - 1- Now let p := AHci^^c - d^ - 1) = AHz{'&z - ds - 1). 
AHc{i) < p for -dc—ds <i< t^g— ^2 — 1 andp < AHz{i) for i < -iJ^ — ^3 — 1; 
so the assertion follows if i?g— ^2 — 1 < -iJ^— ^3 — 1. Otherwise, if ??g— ^2 — 1 > 
i^z — d^ — 1, we have AHc{i) < p < AHz{i) for -de — ds < i < '&z — d^ — 1. 
Finally, if i is any integer such that "dz — d^ — l<i< 'dc — ^2 — 1, we have 
AHcii:) = i&G - + l + ds- p) and AHz{i) = 'dz - {i + I + ds - p), so, 
again, AHc{i) < AHz{i). □ 

Proposition 3.4. Let Iz C Ic be ideals such that Iz € Gora, a = 
(01,02,03), Ic G Gov 6, 6 = {di , . . . , d2m+i) , "1 > 2, Ig satisfying the con- 



ditions of Remark \2l\ and Cs ^ 0. Then AHc{i) < AHz{i), forO<i< 
^c-d2- 1. 

Proof. Since Bs = 9 and Cs 7^ 0, mci 6 = {di, d2,d^), with 7 > 4. By Lemma 
13.21 it is enough to prove the inequality for a = {di,d2,d^). Because of that 
AHc{i) = AHz{i) iov Q < i < d2 - I. Now, observe that, since 5^ = 
and Cs / 0, A'^Hc{i) < -1 fov d2 < i < d^ - 1 (see Proposition 3.11 
in |RZ2j ) ■ and A?'Hz{i) = —1 in the same range; so the inequality holds for 
< i < - 1. 

Let p := AHc{d-y - 1); then AHc{i) < -2i+p + 2d^ - 2 for - 1 < i < 
^c-d^-l&vidAHc{i) < -i+'dc-p-d^-l fov 'dc-d^-l <i <^G-d2-l- 
Moreover -p = AHg("&g - d^ - I) < -2(t9g - d^ - I) + p + 2d^ - 2 i.e. 
"^G < P + 2d^. Since A^Hcii) < -2 iov d^ < i < -de - d-y - 1 we deduce 
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that AHcii) < AHz{i), for < i < — d-y — 1. It remains to show the 
inequality for "do — — 1 < i < "do — d2 — 1- 

U'dz — dj — 1 < '&G — d2 — ^, take i such that -dG — d^ — l < i < -dz — d^ — 1; 
then 

AHcii) < ~i + - P - - 1 < -2i + 'dz - "2 < AHz{i), 

since i<'dz — d^ — 1 and '&g < P + 2d-y. Now take i such that i}z — d^y — 1 < 
i < "^G — d2 — then 

AHcii) <-i + ^G-p-d^-l<-i + d^-\ = AHz{i), 

since i?g < P + 2(i-y. 

If i?G — <^2 — 1 < ■i^z — c?7 — 1, take i such that — — 1 < ^ < ''^G — <^2 — 1; 
then 

AHcii) < -i + 'dG - P - dj - I < -2i + 'dz - 2 < AHz{i), 
since, as above, i < -^z — d^ — 1 and < P + 2d^. □ 
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